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In the article, which continues the research of article [1], the results of 

previous article are generalized to “abstract” hydraulic networks. 

Additional existence theorems are proved for classical flow distribution 

problem (CFDP) for hydraulic networks with pressure-dependent closure 

relations, under restriction on nodal pressures. Hydraulic network Maxwell 

matrix properties are establish, related to monotonicity of CFDP solution. 

This article is a continuation of article [1] and uses the same notations. 

1 Existence of CFDP solution for restricted nodal pressures  

A general CFDP solution existence theorem is proved in [0]. But for practical purposes it is 

desirable to establish condition of CFDP solvability for hydraulic network with limited 

definition region of closure relations. To some extend this is posible. 

First we will consider simple (of often used and important) special case. 

We will can network passive, if all its edges are passive. Special CFDP case, when all 

𝑄𝑓𝑖𝑥 = 0, we will call capacity calculation problem (CCP). 

Theorem 1 (CCP solution existence for passive networks) 

Let 𝐺 – connected graph of passive hydraulic network with edges closure relations 

defined on Ω × Ω (where Ω ⊆ ℝ - some non-empty open connected set), which fit strict 

monotonicity and continuity conditions. Consider CCP on 𝐺 with 𝑄𝑓𝑖𝑥 = 0 and 𝑃𝑓𝑖𝑥 ∈ Ω𝑁𝑃 . 

Then the solution of CCP exists, and for it 𝑃𝑣𝑎𝑟 ∈ [min(𝑃𝑓𝑖𝑥),max(𝑃𝑓𝑖𝑥)]
𝑁𝑄

. 

Proof of theorem 1. 

The theorem directly follows from theorem 4 [0] on CFDP solution existence for 

intermediate source data, if we will take zero set inflows and set nodal pressures equal to 

min(𝑃𝑓𝑖𝑥) or max(𝑃𝑓𝑖𝑥), as boundary CFDP source data. 
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Is it possible to extend this theorem to general case with non-zero inflows and active 

edge network? Is it possible, for example, to estimate existence of CFDP solution on the 

base of direct calculations along simple paths in non-directed graph �̅�, which corresponds 

𝐺? It is found out to be possible! 

Consider simple paths in �̅�. We will call them P-paths, if first node ∈ 𝑉𝑃, and all others 

∈ 𝑉𝑄. Let 𝑃𝑎 – P-path. We can change edge direction if necessary, so they all would 

directed along the path. We will tell that 𝑃𝑎 «passes» flow 𝑋, if CFDP on path 𝑃𝑎 with set 

pressure in start node, inflow –𝑋 in end node and zero inflows in intermediate nodes (if 

any) is solvable. It is evident, that in order to determine if the path passes the flow, it is 

enough to simply directly calculate its edges one by one along the path – i.e. if the value 

𝑓𝐿(𝑃𝐹 , Х) is defined for each edge, and if this pressure ∈ Ω. Note by 𝑓𝐿_𝑃𝑎(𝑃𝑎, 𝑃𝐹(𝑃𝑎), Х) 
pressure in end path depending on start node pressure and flow rate. If closure relations are 

continuous and strictly monotonic, this function for any path is also continuous, 

monotonically increase by start node pressure and monotonically decrease by flow rate. 

Also it is evident, that if path passes flows 𝑋1 and 𝑋2, 𝑋1 ≤ 𝑋2, then it passes also any 

intermediate flow 𝑋 (𝑋1 ≤ 𝑋 ≤ 𝑋2). Moreover, if we will set any intermediate flow rates on 

path’s edges (between 𝑋1 and 𝑋2), maybe not all equal each other, then direct calculation 

along the path will produce nodal pressures between values of nodal pressure for flows 𝑋2 

and 𝑋1, which will ∈ Ω. Further we will drop second parameter for simplicity and write end 

pressure simply as 𝑓𝐿_𝑃𝑎(𝑃𝑎, Х). 
For any P-component we can define values of summary positive and negative set 

inflows: 𝑄+ = ∑ 𝑄𝑓𝑖𝑥(𝑣)𝑣,𝑄𝑓𝑖𝑥(𝑣)>0
, 𝑄− = ∑ 𝑄𝑓𝑖𝑥(𝑣)𝑣,𝑄𝑓𝑖𝑥(𝑣)<0

, where summation is on all 

nodes of Р-component with set positive (negative) inflows. If there are no such nodes, 𝑄+ 

or 𝑄− are set to 0. It is evident that 𝑄+ ≥ 0 ≥ 𝑄− . Note that some flow rates in CFDP 

solution can be significantly greater than these values (thank to flow between node from 

∈ 𝑉𝑃, and/or flow circulation).  

The following (intuitively expected) theorem is valid. 

Theorem 2 (On CFDP existence for restricted pressures). 

Let 𝐺 – connected graph with closure relations, defined on Ω × Ω, and strictly 

monotonic and continuous, and some CFDP is defined on it. If all P-paths of graph pass 

flows 𝑄− and 𝑄+ (of their P-components), the CFDP solution exists. The nodal pressure of 

CFDP solution in any node 𝑢 ∈ 𝑉𝑄 fit the following inequalities (in which maximum and 

minimum are defined by all P-paths, ending in 𝑢) 

𝑃−(𝑢) = min
𝑃𝑎

𝑓𝐿_𝑃𝑎(𝑃𝑎, −𝑄
−) ≤ 𝑃𝑣𝑎𝑟(𝑢) ≤ max

𝑃𝑎
𝑓𝐿_𝑃𝑎(𝑃𝑎, −𝑄

+) = 𝑃+(𝑢) 

For special case of CCP for networks with active edges 𝑄− = 𝑄+ = 0, and theorem 

condition are that all Р-paths pass zero flow, and inequalities take form 

𝑃−(𝑢) = min
𝑃𝑎

𝑓𝐿_𝑃𝑎(𝑃𝑎, 0) ≤ 𝑃𝑣𝑎𝑟(𝑢) ≤ max
𝑃𝑎

𝑓𝐿_𝑃𝑎(𝑃𝑎, 0) = 𝑃+(𝑢) 

The proof of theorem 2 can be done by induction on edges number and is constructed 

practically identical to general existence theorem proof in [1]. 

Base of induction (𝑁𝐸 = 1). For graphs, consisting from 1 edge (and 2 nodes), for the 

case, when pressure is set in 2 nodes, CFDP is solvable by definition. For the case of set 

pressure in one node and inflow in another – the edge itself is P-path, and condition on 

passing −𝑄+ and −𝑄− on it provides existence of solution. 
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Step of induction. Let graph 𝐺 has 𝑁𝐸 > 1 edges and theorem is proved for any graph 

with number of edges < 𝑁𝐸. It is evident, that it needs to be proved only for Р-reduced 

graphs. 

So let 𝐺 – P-reduced graph. Select some node 𝑣′ with set pressure. It has degree 1 and is 

connect by some edge 𝑒′ with node 𝑣′′ ∈ 𝑉𝑄. For further simplification we can change 𝑒′ 

direction (if necessary) so that it would be directed from 𝑣′ to 𝑣′′. Let 𝐺′′ - graph, produced 

from 𝐺 by deleting 𝑣′ and 𝑒′. 
2 cases are possible for 𝐺 - 𝑁𝑃 = 1 и 𝑁𝑃 > 1. 

In the first case 𝑁𝑃 = 1 node 𝑣′ is the only node with set pressures. In this case for 

CFDP solution, if it exists, we should have 𝑄𝑣𝑎𝑟(𝑣
′) = −(𝑄+ + 𝑄−). Consider P-path 𝑃𝑎′, 

consisting from edges 𝑒′, and flow value 𝑋′ = −(𝑄+ + 𝑄−). As −𝑄+ ≤ −(𝑄+ + 𝑄−) ≤
−𝑄− and according theorem condition 𝑃𝑎′ passes flows −𝑄+ and −𝑄−, it also passes 𝑋′, 

and 𝑃′′ = 𝑃𝑣𝑎𝑟(𝑣
′′) = 𝑓𝐿_𝑃𝑎(𝑃𝑎

′, 𝑋′) fits inequalities  

𝑃−(𝑣′′) ≤ 𝑓𝐿_𝑃𝑎(𝑃𝑎
′, −𝑄−) ≤ 𝑃′′ ≤ 𝑓𝐿_𝑃𝑎(𝑃𝑎

′ , −𝑄+) ≤ 𝑃+(𝑣′′) 

Consider CFDP on 𝐺′′ with set pressure in node 𝑣′′ 𝑃𝑓𝑖𝑥(𝑣
′′) = 𝑃′′ the same other 

source data on 𝐺′′, as for original CFDP on 𝐺. For this CFDP the P-paths passing 

conditions are fulfilled. Really, comparing these CFDPs: for P-components of 𝐺′′ value 𝑄+ 

will not inclease, and 𝑄− will not decrease, so P-paths in 𝐺′′, starting in any nodes, expect 

𝑣′′, must pass correspondent flows. And P-paths, starting in 𝑣′′, will pass them as parts of 

P-paths in 𝐺 (if add to them edge 𝑒′ with flow 𝑋′). Thus, according induction assumption 

CFDP solution on 𝐺′′ exists, and nodal pressures for it are between 𝑃− and 𝑃+. Along with 

flow rate 𝑋′ on 𝑒′ it will provide solution of original CFDP on 𝐺. 

Let us now consider the case 𝑁𝑃 > 1. Again let’s take P-path 𝑃𝑎′, of one edge 𝑒′, and 

pass zero 0. As −𝑄+ ≤ 0 ≤ −𝑄−, and according theorem condition 𝑃𝑎′ passes flows −𝑄+ 

and −𝑄−, it also passes zero flow, and for such flow 𝑃0 = 𝑃𝑣𝑎𝑟(𝑣
′′) = 𝑓𝐿_𝑃𝑎(𝑃𝑎

′, 0) fits  

𝑃−(𝑣′′) ≤ 𝑓𝐿_𝑃𝑎(𝑃𝑎
′, −𝑄−) ≤ 𝑃0 ≤ 𝑓𝐿_𝑃𝑎(𝑃𝑎

′ , −𝑄+) ≤ 𝑃+(𝑣′′) 

Let’s consider CFDP on 𝐺′′ with set pressure in 𝑣′′ 𝑃𝑓𝑖𝑥(𝑣
′′) = 𝑃0 and the same other 

source data 𝐺′′, as for original CFDP on 𝐺. P-paths passing conditions will be fulfilled for 

it (for the same reasons, as in case 𝑁𝑃 = 1). Thus, according induction assuption Solution 

of such CFDP on 𝐺′′ exists, and its nodal pressures 𝑃𝑣𝑎𝑟  are between 𝑃− and 𝑃+. 
Consider now another CFDP on 𝐺′′, with completely the same source data as in original 

CFDP on 𝐺 (i.e. with set inflow in 𝑣′′). It is evident, that for this CFDP P-paths passing 

conditions are also fulfilled – the values −𝑄+ and −𝑄− are the same, but some P-paths 

(starting in 𝑣′) are not necessary to consider. Thus, according induction assumption 

Solution of this CFDP on 𝐺′′ also exists (and 𝑃𝑣𝑎𝑟  for this solution also are between 𝑃− and 

𝑃+). Let 𝑃∗ = 𝑃𝑣𝑎𝑟(𝑣
′′). This solution is also a solution of CFDP on 𝐺′′ with set pressure 

𝑃∗ in 𝑣′′. 
So we proved, that there are solutions of CFDP on 𝐺′′ (and on G) with set pressure in 

𝑣′′ for 2 pressure value: 𝑃0 and 𝑃∗ (with the same other source data, and node pressures 

𝑃𝑣𝑎𝑟  between 𝑃− and 𝑃+). Then according theorem of intermediate source data [1] solution 

also exists for any intermediate values of pressure in 𝑣′′, and for them 𝑃𝑣𝑎𝑟  also is between 

𝑃− and 𝑃+. It remains to find such 𝑃′′ ∈ [𝑃0, 𝑃∗] for 𝑣′′, for which inflow in 𝑣′′  𝑄𝑣𝑎𝑟(𝑣
′′) 

is equal 𝑄𝑓𝑖𝑥(𝑣
′′) for original CFDP. In this case 𝑄𝑣𝑎𝑟(𝑣

′′) = 𝑄𝑣𝑎𝑟
′′ (𝑣′′) − 𝑋′, where 

𝑄𝑣𝑎𝑟
′′ (𝑣′′) - inflow in 𝐺′′ (without 𝑒′), and 𝑋′ - flow rate on 𝑒′. 
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If 𝑃0 = 𝑃∗, then 𝑃′′ = 𝑃0 = 𝑃∗, as for this pressure value 𝑄𝑣𝑎𝑟
′′ (𝑣′′) = 𝑄𝑓𝑖𝑥(𝑣

′′) and 

𝑋′ = 0. 

Consider case 𝑃0 ≠ 𝑃∗. According theorem 3 [1] 𝑄𝑣𝑎𝑟
′′ (𝑣′′), 𝑋′ and 𝑄𝑣𝑎𝑟(𝑣

′′) on 
[𝑃0, 𝑃∗] depend on pressure in 𝑣′′ continuously, 𝑄𝑣𝑎𝑟

′′ (𝑣′′) and 𝑄𝑣𝑎𝑟(𝑣
′′) strictly increase, 

and 𝑋′ strictly decrease. Let 𝑃0 > 𝑃∗. The for pressure 𝑃0 𝑄𝑣𝑎𝑟
′′ (𝑣′′) > 𝑄𝑓𝑖𝑥(𝑣

′′), 𝑋′ = 0, 

and for 𝑃∗ 𝑄𝑣𝑎𝑟
′′ (𝑣′′) = 𝑄𝑓𝑖𝑥(𝑣

′′), 𝑋′ > 0. Thus for 𝑃0 𝑄𝑣𝑎𝑟(𝑣
′′) > 𝑄𝑓𝑖𝑥(𝑣

′′), and for 𝑃∗ 

𝑄𝑣𝑎𝑟(𝑣
′′) < 𝑄𝑓𝑖𝑥(𝑣

′′). And if 𝑃0 < 𝑃∗, then similar for 𝑃0 𝑄𝑣𝑎𝑟(𝑣
′′) < 𝑄𝑓𝑖𝑥(𝑣

′′), and for 

𝑃∗ 𝑄𝑣𝑎𝑟(𝑣
′′) > 𝑄𝑓𝑖𝑥(𝑣

′′). Thus, function 𝑄𝑣𝑎𝑟(𝑣
′′) − 𝑄𝑓𝑖𝑥(𝑣

′′) is continuous, strictly 

increase and changes sign on [𝑃0, 𝑃∗] and must be equal zero in some point 𝑃′′ - and this 

proves the theorem. 

Naturally, Theorem 2 conditions are sufficient but not required. They don’t take into 

account network structure and topology, and allow to make just quick and simple 

estimation. They can be improved (for example by considering trees in 𝑉𝑄), but this is the 

topic for separate article. 

2 Abstract hydraulic networks, multiport elements and 
monotonic properties of CFDP solution 

Results obtained in article [1], can be easily extended to even more general case – if 

consider them from some another viewpoint (W. C. Rheinboldt [2]). Let list these results. 

Suppose that there is some hydraulic (or electric, or any other) network, whose internal 

structure is unknown. All what is known – that network has 𝑁 nodes (ports), and when 

applying some vector of potentials 𝑃 to them, there will be inflows 𝑄 in these nodes. So all 

what is known, is mapping 𝛷:  Ω𝑁 →  ℝ𝑁, linking nodal pressures and nodal inflows: 𝑄 =
𝛷(𝑃). We will call such networks abstract hydraulic network (AHN). CFDP can be 

naturally defined for AHN: set pressures 𝑃𝑓𝑖𝑥  in 𝑁𝑃 > 0 nodes (set 𝑉𝑃) and inflows 𝑄𝑓𝑖𝑥  in 

remaining 𝑁𝑄 = 𝑁𝑉 − 𝑁𝑃 nodes (set 𝑉𝑄), it is necessary to find pressures 𝑃𝑣𝑎𝑟  in remaining 

𝑁𝑄 nodes and inflows 𝑄𝑣𝑎𝑟  in 𝑁𝑃 nodes. Usual networks are also AHN. 

It found out that for AHN with function 𝛷 which has some “natural” properties (similar 

to describe in [1] for function 𝜑), CFDP solution still has monotonic properties, exists and 

is unique.  

Let 𝐹:ℝ𝑛 →  ℝ𝑛 be some mapping. On the set of vector from ℝ𝑛 partial ordering is 

defined: 𝑥 ≤ 𝑦, if for ∀𝑖 𝑥𝑖 ≤ 𝑦𝑖 . 𝐹 is called isotonic, if it keeps ordering: 𝑥 ≤ 𝑦 ⇒ 𝐹(𝑥) ≤
𝐹(𝑦). If, vise verse, it inverts ordering, it is called anti-isotonic (antitonic). 𝐹 is called 

diagonally isotonic, if for ∀𝑖 𝐹𝑖(𝑥) does not decrease on 𝑥𝑖 (other variables are fixed). 𝐹 is 

call off-diagonal antitonic (ODA), if for ∀𝑖 ≠ 𝑗 𝐹𝑖(𝑥) does not increase on 𝑥𝑗. 𝐹 is called 

ballanced, if ∑ 𝐹𝑖
𝑛
𝑖=1 = 0. Note, that if 𝐹 is OFA and balanced, it is diagonally isotonic. 

Natural requirements for AHN function 𝛷, are continuity, balanced and ODA. 

AHN behavior is convenient to describe by associated digraphs. Define digraph �̂� in the 

following way – it has edge from node 𝑣𝑖 to node 𝑣𝑗 (𝑖 ≠ 𝑗), only if 𝑃𝑖  somewhat influences  

𝑄𝑗  (with fixed other node pressures). In general, this dependence could be not always 

strictly monotonic (for example, when choked flow occurs), so let define subgraph �̂�𝑆𝑡𝑟𝑖𝑐𝑡, 
which includes only edges, for which dependence is always strictly decreasing. Finally, 

define subgraph �̂�𝑆𝑢𝑟𝑓, which includes only edges, for which dependence 𝑄𝑗  on 𝑃𝑖  always 

is not only strictly decreasing, but also surjective (i.e. 𝑄𝑗  can have any value of ℝ when 𝑃𝑖  
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changes). Connectivity and reachability in graphs �̂�𝑆𝑡𝑟𝑖𝑐𝑡 and �̂�𝑆𝑢𝑟𝑓 define properties of 

CFDP solution. The best case is when �̂�𝑆𝑡𝑟𝑖𝑐𝑡 (and �̂�𝑆𝑢𝑟𝑓) are strongly connected.  

Note that connecting (via joint nodes) several AHN with described natural properties, 

resulting AHN will also have these properties. Thus usual networks have these properties – 

they are connected from edges with such properties. But we can construct AHN not only by 

2-port elements – there are such multiport elements in real pipelines as tees, crosses, 3-way 

and 4-way valves, etc. This approach covers also hydraulic networks with multiport 

elements – if their behavior follows described natural properties. 

Let �̃� – some digraph, and 𝑣1, 𝑣2 – nodes in �̃�. We will denote reachability of 𝑣2 from 

𝑣1 by 𝑣1
�̃�
→ 𝑣2. Set of all nodes (in �̃�) reachable from node 𝑣, will be denoted ℛ�̃�(𝑣), and 

node set, from which 𝑣 is reachable - by ℛ�̃�
−1(𝑣). For some node subset 𝑆 of graph �̃� , 

ℛ�̃�(𝑆) is node set, reachable from 𝑆, and ℛ�̃�
−1(𝑆) – set of node, from which some node 

from 𝑆 is reachable. For �̂�𝑆𝑡𝑟𝑖𝑐𝑡 and �̂�𝑆𝑢𝑟𝑓 we will simply use correspondent indexes. 

Now we are ready to formulate generalization of result from [1] for AHN. 

Lemma 1A on pressure change in AHN. 

Consider ODA AHN and 2 pressure vectors 𝑃(1) and 𝑃(2). Consider sets 𝑉+, 𝑉−, 𝑉0: 

𝑣 ∈ 𝑉+ when 𝑃(1)(𝑣) < 𝑃(2)(𝑣) 

𝑣 ∈ 𝑉− when 𝑃(1)(𝑣) > 𝑃(2)(𝑣) 
𝑣 ∈ 𝑉0 when 𝑃(1)(𝑣) = 𝑃(2)(𝑣) 
Then 

1) If 𝑉+ ≠ 𝑉, 𝑉+ ≠ ∅, and 𝑉 ∖ 𝑉+ ∩ ℛ𝑆𝑡𝑟𝑖𝑐𝑡(𝑉
+) ≠ ∅,  

then ∑ 𝑄(1)(𝑣)𝑣∈𝑉+ < ∑ 𝑄(2)(𝑣)𝑣∈𝑉+  

2) If 𝑉− ≠ 𝑉, 𝑉− ≠ ∅, and 𝑉 ∖ 𝑉− ∩ ℛ𝑆𝑡𝑟𝑖𝑐𝑡(𝑉
−) ≠ ∅,  

then ∑ 𝑄(1)(𝑣)𝑣∈𝑉− > ∑ 𝑄(2)(𝑣)𝑣∈𝑉−  

Theorem 1А (Uniqueness of CFDP solution for AHN) 

If AHN is balanced, ODA и 𝑉𝑄 ⊂ ℛ𝑆𝑡𝑟𝑖𝑐𝑡
−1 (𝑉𝑃), then CFDP solution is unique. 

Theorem 2A (Monotonicity of CFDP solution for AHN) 

Suppose AHN is balanced, ODA and 𝑉𝑄 ⊂ ℛ𝑆𝑡𝑟𝑖𝑐𝑡
−1 (𝑉𝑃), and there are 2 CFDP solutions 

(with the same 𝑉𝑃 and 𝑉𝑄), and 𝑃𝑓𝑖𝑥
(1)

≤ 𝑃𝑓𝑖𝑥
(2)

, 𝑄𝑓𝑖𝑥
(1)

≤ 𝑄𝑓𝑖𝑥
(2)

. Consider 𝑉𝑃
+ and 𝑉𝑄

+ subsets of 

𝑉𝑃 and 𝑉𝑄, for which inequality is strict. Then: 

1) 𝑃𝑣𝑎𝑟
(1)

≤ 𝑃𝑣𝑎𝑟
(2)

, and for node from ℛ𝑆𝑡𝑟𝑖𝑐𝑡(𝑉𝑃
+ ∪ 𝑉𝑄

+) ∩ 𝑉𝑄  𝑃𝑣𝑎𝑟
(1)

< 𝑃𝑣𝑎𝑟
(2)

 

2) If 𝑁𝑃 > 1, then 𝑄𝑣𝑎𝑟
(1) (𝑣) ≥ 𝑄𝑣𝑎𝑟

(2) (𝑣) on 𝑉𝑃 ∖ 𝑉𝑃
+, and on (𝑉𝑃 ∖ 𝑉𝑃

+) ∩

ℛ𝑆𝑡𝑟𝑖𝑐𝑡(𝑉𝑃
+ ∪ 𝑉𝑄

+)  𝑄𝑣𝑎𝑟
(1) (𝑣) > 𝑄𝑣𝑎𝑟

(2) (𝑣) 

3) If 𝑁𝑃 = 1 и 𝑉𝑄
+ ≠ ∅, then in the only node 𝑣 with set pressure 𝑄𝑣𝑎𝑟

(1) (𝑣) >

𝑄𝑣𝑎𝑟
(2) (𝑣), otherwise 𝑄𝑣𝑎𝑟

(1) (𝑣) = 𝑄𝑣𝑎𝑟
(2) (𝑣) 

4) ∑ 𝑄𝑣𝑎𝑟
(1) (𝑣)𝑣∈𝑉𝑃

+ ≤ ∑ 𝑄𝑣𝑎𝑟
(2) (𝑣)𝑣∈𝑉𝑃

+ . If 𝑁𝑃 > 1, 𝑉𝑄
+ = ∅, 𝑉𝑃

+ ≠ ∅, 𝑉𝑃 ∖ 𝑉𝑃
+ ≠ ∅, 

(𝑉𝑃 ∖ 𝑉𝑃
+) ∩ ℛ𝑆𝑡𝑟𝑖𝑐𝑡(𝑉𝑃

+) ≠ ∅, then ∑ 𝑄𝑣𝑎𝑟
(1) (𝑣)𝑣∈𝑉𝑃

+ < ∑ 𝑄𝑣𝑎𝑟
(2) (𝑣)𝑣∈𝑉𝑃

+  

Theorem 3A (Continuity and monotonicity of CFDP solution for AHN) 

Suppose that AHN is continuous, balanced, ODA and 𝑉𝑄 ⊂ ℛ𝑆𝑡𝑟𝑖𝑐𝑡
−1 (𝑉𝑃). Then 

1. Set 𝐸, on which CFDP is solvable, is homeomorphic to Ω𝑁𝑉 (or ℝ𝑁𝑉) and thus is 

not empty, open and connected. 

2. All solution parameters (nodal pressures and inflows) are continuous functions of 

source data. 

3. The solution has monotonic properties, corresponding to described in theorem 

2A. 
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Theorem 4А (AHN CFDP solution existence for intermediate source data). 

Suppose that AHN is continuous, balanced, ODA, 𝑉𝑄 ⊂ ℛ𝑆𝑡𝑟𝑖𝑐𝑡
−1 (𝑉𝑃), and there are 2 

CFDP solutions (with the same 𝑉𝑃 and 𝑉𝑄), and 𝑃𝑓𝑖𝑥
(1)

≤ 𝑃𝑓𝑖𝑥
(2)

, 𝑄𝑓𝑖𝑥
(1)

≤ 𝑄𝑓𝑖𝑥
(2)

. Then for any 

“intermediate” source data 𝑃𝑓𝑖𝑥
(1)

≤ 𝑃𝑓𝑖𝑥 ≤ 𝑃𝑓𝑖𝑥
(2)

, 𝑄𝑓𝑖𝑥
(1)

≤ 𝑄𝑓𝑖𝑥 ≤ 𝑄𝑓𝑖𝑥
(2)

 CFDP is also solvable, 

and 𝑃𝑣𝑎𝑟
(1)

≤ 𝑃𝑣𝑎𝑟 ≤ 𝑃𝑣𝑎𝑟
(2)

. 

Theorem 5А (CFDP solution existence for AHN) 

Suppose that AHN is continuous, balanced, ODA and 𝑉𝑄 ⊂ ℛ𝑆𝑢𝑟𝑓
−1 (𝑉𝑃). Then any CFDP 

for such AHN is solvable. 

We will call AHN passive, if applying any equal pressure to all nodes produces zero 

inflows. 

Теорема 6А (CCP solution existence for passive AHN). 

Let AHN be continuous, balanced, ODA, passive and 𝑉𝑄 ⊂ ℛ𝑆𝑡𝑟𝑖𝑐𝑡
−1 (𝑉𝑃), and there is 

CFDP with 𝑄𝑓𝑖𝑥 = 0 and 𝑃𝑓𝑖𝑥 ∈ Ω𝑁𝑃 . Then CFDP solution exists, and 𝑃𝑣𝑎𝑟 ∈

[min(𝑃𝑓𝑖𝑥),max(𝑃𝑓𝑖𝑥)]
𝑁𝑄

. 

Proofs of all theorems, except 5А, are just similar to those for usual networks, so are not 

included in this article. The only interesting proof is for theorem 5А, which differs from 

that for Theorem 5 [1], and is more simple than in [2]. 

The proof uses induction on 𝑁𝑉 (recursion). 

For base case 𝑁𝑉 = 0 the Theorem is right by definition. 

Suppose that 𝑁𝑉 > 0. As 𝑉𝑄 ⊂ ℛ𝑆𝑢𝑟𝑓
−1 (𝑉𝑃), it is always possible to select such node 𝑣′ ∈

𝑉𝑄, from which some edge 𝑒′ in �̂�𝑆𝑢𝑟𝑓 ends in 𝑣′′ ∈ 𝑉𝑃. Now we will change CFDP source 

data in 𝑣′ - we will set pressure 𝑃′ in it – and remain other source data the same. Modified 

CFDP fits theorem conditions and has smaller 𝑁𝑉, so should have a solution. Let’s look 

how 𝑄𝑣𝑎𝑟(𝑣
′) for this solution depends on 𝑃′. From theorems 3A and 4А we get, that this 

dependence is continuous and monotonically increasing. From balanced condition 

𝑄𝑣𝑎𝑟(𝑣
′) = −∑ 𝑄𝑓𝑖𝑥(𝑣)𝑣∈𝑉𝑄,𝑣≠𝑣

′ − ∑ 𝑄𝑣𝑎𝑟(𝑣)𝑣∈𝑉𝑃 . The first sum is constant. All terms of 

the second sum according the same theorems are continuous and not increasing. And there 

is the term among them, corresponding to node 𝑣′′. As there edge from 𝑣′ to 𝑣′′ is in �̂�𝑆𝑢𝑟𝑓, 

even if 𝑃𝑣𝑎𝑟(𝑣) for nodes 𝑣 ∈ 𝑉𝑄 , 𝑣 ≠ 𝑣′ would be fixed, 𝑄𝑣𝑎𝑟(𝑣
′′) would be continuous 

strictly monotonically decreasing function of 𝑃′ and surjective to ℝ. But really 𝑃𝑣𝑎𝑟(𝑣) for 

𝑣 ∈ 𝑉𝑄 , 𝑣 ≠ 𝑣′ continuously increase while 𝑃′ increasing (theorem 3А and 4А) and because 

of ODA conditions only makes 𝑄𝑣𝑎𝑟(𝑣
′′) change stronger with 𝑃′ change. So 𝑄𝑣𝑎𝑟(𝑣

′′) 
should be surjective on ℝ, and 𝑄𝑣𝑎𝑟(𝑣

′) is surjective too. Thus there is some value of 𝑃′, 
for which 𝑄𝑣𝑎𝑟(𝑣

′) is equal to 𝑄𝑓𝑖𝑥(𝑣
′) of original CFDP and for which solution of 

modified CFDP gives the solution of original one. 

3 Sensitivity matrixes and Maxwell matrix 

Now we will return to “usual” hydraulic network (but note that further results can be easily 

generalized for AHN). 

Let suppose, that closure relations are continuously differential in the vicinity of CFDP 

solution. We will derive sensitivity matrixes (similar to ones obtained in [5, 6, 7]), 

describing CFDP solution sensitivity to source data, and will study how their properties are 

linked to monotonic properties of CFDP solution. 
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Note 𝑑𝐹𝑖 = 𝜕𝜑𝑖(𝑃𝐹 , 𝑃𝐿) 𝜕𝑃𝐹⁄ , 𝑑𝐿𝑖 = −𝜕𝜑𝑖(𝑃𝐹 , 𝑃𝐿) 𝜕𝑃𝐿⁄ . Then because of 𝜑𝑖 

monotonicity 𝑑𝐹𝑖 ≥ 0 and 𝑑𝐿𝑖 ≥ 0. Further we will consider only the “regular” case, when 

𝑑𝐹𝑖 > 0 and 𝑑𝐿𝑖 > 0 (and 𝑁𝑄 > 0).  

Consider diagonal matrixes 𝐷𝐹  and 𝐷𝐿  with 𝑑𝐹𝑖  and 𝑑𝐿𝑖 on diagonal. Then 

 𝑑𝑋 = (𝐷𝐹𝐴𝐹
𝑇 + 𝐷𝐿𝐴𝐿

𝑇)𝑑𝑃, 𝑑𝑄 = 𝐴(𝐷𝐹𝐴𝐹
𝑇 + 𝐷𝐿𝐴𝐿

𝑇)𝑑𝑃 (1) 

Now we will derive Jacobian of mapping Ψ𝑃𝑓𝑖𝑥. Remunerate graph nodes so that nodes 

from 𝑉𝑄 come first and split vectors and matrixes to blocks: 

 P = (Pvar
Pfix

), Q = (Qfix
Qvar

), A = (
AQ
AP
), AF = (

AFQ
AFP

), AL = (
ALQ
ALP

) (2) 

Then equations (1) gives 

 dX = (DFAFQ
T + DLALQ

T )dPvar + (DFAFP
T + DLALP

T )dPfix (3) 

 dQfix = AQ(DFAFQ
T + DLALQ

T )dPvar + AQ(DFAFP
T + DLALP

T )dPfix (4) 

 dQvar = AP(DFAFQ
T + DLALQ

T )dPvar + AP(DFAFP
T + DLALP

T )dPfix (5) 

Matrix �̃�=𝐴𝑄(𝐷𝐹𝐴𝐹𝑄
𝑇 + 𝐷𝐿𝐴𝐿𝑄

𝑇 ), which relates 𝑑𝑄𝑓𝑖𝑥  and 𝑑𝑃𝑣𝑎𝑟  (also called modified 

Maxwell matrix [3, 4]), is Jacobian of Ψ𝑃𝑓𝑖𝑥. This matrix has several wonderful properties 

which will be discussed further. So far just note, that for connected graph and 𝑑𝐹𝑖 > 0, 

𝑑𝐿𝑖 > 0 matrix �̃� is always nonsingular. So, according implicit function theorem, all CFDP 

solution parameters are locally continuously differential functions of the source data. Note 

M̃PP = AP(DFAFP
T + DLALP

T ), M̃PQ = AP(DFAFQ
T + DLALQ

T ), M̃QP = AQ(DFAFP
T + DLALP

T )(6) 

Then from (4), (5) we can get 

 dPvar = M̃−1dQfix − M̃−1M̃QPdPfix (7) 

 dQvar = M̃PQM̃
−1dQfix + (M̃PP − M̃PQM̃

−1M̃QP)dPfix (8) 

Equations (7), (8) give main sensibility matrixes of our problem. For “traditional” 

networks they coincide with those derived in [5, 6, 7]. 

Consider the properties of these matrixes, and first of all – modified Maxwell matrix. 

The later can be written in the form 

�̃�=𝐴𝑄(𝐷𝐹𝐴𝐹𝑄
𝑇 + 𝐷𝐿𝐴𝐿𝑄

𝑇 ) = 𝐴𝐹𝑄𝐷𝐹𝐴𝐹𝑄
𝑇 + 𝐴𝐿𝑄𝐷𝐿𝐴𝐿𝑄

𝑇 + 𝐴𝐿𝑄𝐷𝐹𝐴𝐹𝑄
𝑇 + 𝐴𝐹𝑄𝐷𝐿𝐴𝐿𝑄

𝑇  

Matrix 𝐴𝐹𝑄𝐷𝐹𝐴𝐹𝑄
𝑇  and 𝐴𝐿𝑄𝐷𝐿𝐴𝐿𝑄

𝑇  are diagonal. The first one contains on the diagonal 

sum of 𝑑𝐹 of all edges starting from corresponding node in i- диагонали, the second one 

contains the sum of 𝑑𝐿 for all edges ending in the correspondent node. Matrix 𝐴𝐹𝑄𝐷𝐿𝐴𝐿𝑄
𝑇  in 

line i and column j contains sum of −𝑑𝐿 for all edges, starting from node i and ending in 

node j, while matrix 𝐴𝐿𝑄𝐷𝐹𝐴𝐹𝑄
𝑇  contains sum of −𝑑𝐹  for all edges, ending in node i and 

starting from node j. So matrix �̃� contains on the diagonal sum of 𝑑𝐹 for all starting edges 

plus sum of 𝑑𝐿 for all ending edges (except edges starting and ending in the same node); 

non-diagonal cell 𝑚𝑖𝑗 contains sum of value for all connected nodes i and j edges: −𝑑𝐿 for 

edges from i to j, and −𝑑𝐹  for edges from j to i. 

Matrix �̃�𝑃𝑃 has the same structure as �̃�, but for nodes of 𝑉𝑃. 
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For matrixes �̃�𝑄𝑃, �̃�𝑃𝑄: �̃�𝑄𝑃 = 𝐴𝐹𝑄𝐷𝐹𝐴𝐹𝑃
𝑇 + 𝐴𝐿𝑄𝐷𝐿𝐴𝐿𝑃

𝑇 + 𝐴𝐹𝑄𝐷𝐿𝐴𝐿𝑃
𝑇 + 𝐴𝐿𝑄𝐷𝐹𝐴𝐹𝑃

𝑇  and 

�̃�𝑃𝑄 = 𝐴𝐹𝑃𝐷𝐹𝐴𝐹𝑄
𝑇 + 𝐴𝐿𝑃𝐷𝐿𝐴𝐿𝑄

𝑇 + 𝐴𝐹𝑃𝐷𝐿𝐴𝐿𝑄
𝑇 + 𝐴𝐿𝑃𝐷𝐹𝐴𝐹𝑄

𝑇 . First 2 terms in both 

expressions equal 0, so both matrix contains in ij cell the sum of edge values, connecting 

nodes i and j: −𝑑𝐿 for edges from i to j and −𝑑𝐹  for edges from j to i. Also �̃�𝑃𝑄 = �̃�𝑄𝑃
𝑇 . 

Matrix �̃� isn’t symmetric for the networks with pressure-dependent closure relations (in 

contrast to “traditional” network). Nevertheless, it keeps her wonderful properties. 

First of all, �̃� is weak diagonally dominant matrix (by columns). Strict diagonal 

dominance has place for the columns, corresponding nodes, which are connected with 

nodes from 𝑉𝑃. As graph is connected and 𝑁𝑃 > 1, for any node 𝑉𝑄 there is a path to some 

node from 𝑉𝑃, so also to some node from 𝑉𝑄, connected with 𝑉𝑃, and edges of such path 

have correspondent non-zero off-diagonal elements. This makes �̃� WCDD (Weakly 

Chained Diagonally Dominant) matrix and non-singular [8]. 

In the same time �̃� is also L-matrix: its diagonal elements are positive, while off-

diagonal elements are negative or zero. It is already known for a long time ([9]), that 

matrix, which is both WCDD and L-matrix, is non-singular M-matrix (i.e. matrix with non-

positive off-diagonal elements, with positive real part of its eigenvalues). This class of 

matrix attracts much attention last years, as it appears in many different fields of 

mathematics (differential equation, Markov chains etc [10]). The review of M-matrix 

properties can be found in [11, 12]. Also there are many useful inequalities for their 

determinant, norm and eigenvalues ([13 - 22]). M-matrixes are also monotonic – their 

invert matrixes contain only non-negative elements. 

Now let study invert Maxwell matrix �̃�−1 in more details. 

Non-singular M-matrix �̃� according Perron-Frobenius theorem can written in the form 

[10] �̃� = 𝑠𝐼 − 𝐵, where 𝐼 – identity matrix, and matrix 𝐵 is non-negative (𝐵 ≥ 0), while 𝑠 

is more than spectral radius of 𝐵 (𝑠 > 𝜌(𝐵)). The invert matrix can be written as  

 M̃−1 = s−1[I + ∑ s−iBi∞
i=1 ] (9) 

The row in (9) converges, as 𝜌(𝑠−1𝐵) < 1. 

It is evident, that all �̃�−1 elements are non-negative, and all diagonal elements are 

positive. Which off-diagonal elements are positive? Positive off-diagonal elements of 𝐵 are 

elements which are negative in �̃� – i.e. which corresponds to connected nodes. So in 

matrix 𝐵𝑖  all off-diagonal elements, which corresponds to nodes connected by path of I 

edges with all nodes from 𝑉𝑄, are positive (plus maybe some connected with paths of less 

number of edges). Thus from (9) we get, that positive elements of �̃�−1 are exactly those 

which corresponds to pair of nodes connected by some path in 𝑉𝑄. 

Remunerate nodes of 𝑉𝑄 grouping them by their P-components. Then matrix �̃�and 

�̃�−1 will be block diagonal – each block will correspond to regular (containing nodes from 

𝑉𝑄) P-component. As node from 𝑉𝑄 in each P-component form connected subgraph, we 

have proved the following theorem. 

 

Theorem 3 (On invert Maxwell matrix) 

Modified invert Maxwell matrix �̃�−1 is block diagonal, each block corresponds to 

regular P-component, and all elements of each block are positive. If graph contains only 

one P-component, all elements of �̃�−1 are positive. 

Now we can see the link between signs of sensitivity matrixes elements and 

monotonicity of CFDP solution. Theorem 3 corresponds to monotonic increase of 𝑑𝑃𝑣𝑎𝑟  by 

𝑑𝑄𝑓𝑖𝑥 . Matrix −�̃�−1�̃�𝑄𝑃, defining sensitivity of 𝑑𝑃𝑣𝑎𝑟  to 𝑑𝑃𝑓𝑖𝑥, also has only positive 
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elements for pairs of nodes from the same P-component, and all others equal zero. Matrix 

�̃�𝑃𝑄�̃�
−1, defining sensitivity of 𝑑𝑄𝑣𝑎𝑟  to 𝑑𝑄𝑓𝑖𝑥 , has negative elements for nodes in the 

same P-components, and all others equal zero. 

At last, consider matrix �̃�𝑃𝑃 − �̃�𝑃𝑄�̃�
−1�̃�𝑄𝑃, defining sensitivity of 𝑑𝑄𝑣𝑎𝑟  to 𝑑𝑃𝑓𝑖𝑥 . 

According balance equation 𝑑𝑄𝑣𝑎𝑟  for 𝑑𝑄𝑓𝑖𝑥 = 0 should also equals 0. This means that 

sum of the lines of matrix �̃�𝑃𝑃 − �̃�𝑃𝑄�̃�
−1�̃�𝑄𝑃 equals 0. In the case when there is only one 

node with set pressure, all matrix equals 0. For non-regular P-components diagonal 

elements are positive, and off diagonal are negative. For regular P-components all off-

diagonal elements are negative – so all diagonal elements are positive. This provides known 

monotonic behavior of 𝑑𝑄𝑣𝑎𝑟  on 𝑑𝑃𝑓𝑖𝑥 . 
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